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^ ■ Abstract 

I ■ The aim of this paper is to use the existing relation between polarized 

?—( ' Electrogowdy spacetimes and Gowdy spacetimes to find explicit solutions 

for electromagnetic spikes by a procedure which has been developed by one 
of the authors for gravitational spikes. We present new inhomogeneous 
solutions which we call the electric and the magnetic spike solutions. 



> 

^ ' 1 Introduction 

^N ' According to Belinskii, Khalatnikov and Lifshitz (BKL), a generic spacelike 

^^ , singularity is characterized by asymptotic locality. Asymptotically towards the 

^^ ' initial singularity each spatial point evolves independently from its neighbors in 

an oscillatory manner that is represented by a sequence of Bianchi type I and 
II vacuum models. This picture has been recently refined. The starting point 
was when transformations found in j20j were used in [11: to find an explicit 
spike solution starting with a Kasner solution. This has then been developed 
^ , in [11], [12 with the result that it seems that apart from local BKL behavior 

^_' there also exist formation of spatial structures at and in the neighborhood of 

certain spatial surfaces that break asymptotic locality. Moreover the complete 
description of a generic spacelike singularity involves spike oscillations 5 which 
are described by sequences of Bianchi type I and certain inhomogeneous vacuum 
models. In [3 it has been shown that spikes occurring in a class of G2 models 
lead to inhomogeneities that leave imprints on matter in the form of matter 
perturbations. 

Here we present new solutions for the case of polarized Gowdy-symmetric 
spacetimes with an electromagnetic field. For this case the fundamental ques- 
tions are on a firm ground. In |18j it was shown that the results of Ringstrom 
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concerning strong cosmic censorship for T'^-Gowdy spacetimes [35] could be 
translated to the case in consideration here since there exists a transformation 
of variables such that the system of partial differential equations is the same al- 
though the geometric interpretation is different. The aim of this paper is to use 
the existing relation between polarized/diagonal electromagnetic Gowdy space- 
times and Gowdy spacetimes to find the spike solutions for the electromagnetic 
case. The sign conventions of [H] are used. In particular, we use metric signa- 
ture — h -|--|- and geometrized units. We use the sign convention e°^^^ > for 
the Levi-Civita tensor, but because we will switch to using a time variable that 
increases towards the past, the component e"^^'^ with respect to that coordinate 
system will be negative. 

2 Basic equations and metric 

We see that in order to compare the basic metric for polarized Gowdy spacetimes 
the relation between the coordinates (1) of [11] (with Q = 0) and (2) of jlSj is 
obtained via t — e^'^ and {9,x,y) — {x,y,z). The direction towards the initial 
singularity in this paper will thus corresponds to r — > cx). In |18| a change of 
variables was performed in order to obtain the same system of PDE's mentioned. 
The change of variables is (9)-(10) of [IB,: 

P^2P-T A = 4A-t-4P-T, x = Q, (1) 

where P, A and Q refer to the vacuum solution. Our metric is: 

ds^ ^ _e(^"3-)/2dr2 + e^^+-^/^dx^ + e^-^dy^ + Q-^-^dz^ (2) 

Note also that now we have electromagnetic radiation coming from a vector 
potential with only one nonzero component, namely A^ = xi^i ''")■ The Einstein- 
Maxwell equations with P and x ^-re given by (19)-(24) of [TtI : 

P,,-e-2-P.. = 2(x^e^+--xIc^-^) 

"Ktt 6 yixx — 6 ^x\x \-^r ~r ^)\t 

K = -P'r ^-^^Pl 4(x^e^+^ + xle"-') 

K = -IPrPx - Se^+^XrXx. 

We will use the non- vanishing /3- normalized variables [25] . 

/3=^e-^. (3) 

We take this opportunity to clarify the sign confusion in Eq. (9) of [TT]. /3 
and other kinematic variables are defined with respect to the future-pointing 
congruence. Therefore a positive /3 describes expansion towards the future (and 
contraction towards the past). We also take this opportunity to correct the 
error in the /3 expression in Eq. (2) of [12| . 

These /3-nornialized variables refer to the decompositions of orthonormal 



frame components of the 3-by-3 Ti^p and No,p matrices which in our case are 

/-2S+ 

^cp={ I]+ + V3I]_ I (4) 

V S+-V3S_ 

/O 

A^a/3 - VSiVx I . (5) 

\0 VSA^x 

The /3-normahzed variables Y = (E+, I]_,iVx,f ,S), where £ and S are /3- 
normahzed E^ and i?^ orthonormal frame components of the electric and mag- 
netic fields, are related to the partial derivatives of P, A and x as follows. 

The evolution and constraint equations for the /3-normalized variables are: 

9,S_=e--a,(7Vx) + ^(S'-f')] 

dtN-^ = e-^a,I]_ - iVx 

dt£ = -e-^d^B + ^VSN^B + ^(\/3S_ - l)£ 

dtB = -c-^d^£ - ^VSN^S - ^(\/3S_ + 1)6 

^+^\[l-^l-Nl-l{£' + B% 

2.1 Hubble normalization 

To visualize the dynamics we will use Hubble- normalized variables |26l 124) . 
denoted with a superscript H. For the spatially homogeneous background dy- 
namics, it is best to use the Hubble-normalized variables which are related to 
the /3-normalized ones via 

(E+,E_,7Vx,f,6)^ = -^(E+,E_,iVx,£:,S), (6) 



E^2 + J^H2^^H2^^(^H2^gH2)^^^ (7) 



and satisfy 

1 

3' 

The Hubble-normalized energy density fl of the electromagnetic field is given 

by 

n^\i£"^+B"^), (8) 

while the Hubble-normahzed spatial curvature ^k is given by 

^k = N^\ (9) 



2.2 Key transformations 

The solution-generating transformations in polarized electromagnetic Gowdy 
spacetimes are 

e-^/2 = - i>= ^ (10) 

and 

P^-P, Xr^-c'^-^Xx, Xx=-e^+"Xr. (11) 

These transformations correspond to transformations (6) and (7) in [TT], but 
curiously the role of solution-generating transformation has switched. Trans- 
formation (6) in [11] is merely a frame rotation, but here transformation (fTO|) 
is a solution-generating transformation. On the other hand, transformation (7) 
in |llj is a solution-generating transformation, but here transformation (jlip is 
merely a 90-degree duality rotation for the electromagnetic field (see e.g. [13] 
about duality rotation) followed by a switch of the coordinates y and z. Trans- 
formation (jlip . like transformation (7) in [11) . is also very simple when expressed 
in /3-normalized variables: 

(E_,7Vx,£,S) = (-E_,-iVx,S,f). (12) 

3 Explicit solutions 

We now apply the vacuum-to-electromagnetic transformation ([l} to the explicit 
solutions in Section 4 of [TT] . 

3.1 Homogeneous solutions 

3.1.1 Reparameterized Kasner solution 

Applying the transformation (|T]) to the Kasner seed solution (17) of [11 yields 
P = vT + 2Po, x^Xo, A--i;V + 4(Ao + Po), (13) 

where v — 2w~ 1 and Pq, xq ^^'^ ^o a-re arbitrary constants. The result is trivial 
- this solution is just a re-parametrization of the Kasner solution. Nevertheless, 
we will use this parametrization of the Kasner solution in figure [3| later. 
The /3-normalized variables Yk have the same form as (18) of [IT] : 

YK = (i-^^^-^,0,0,0). (14) 

3.1.2 Electric Rosen solution 

Applying (jlj to the rotated Kasner solution (22) of [11] with the simplifying 
choice Pq -I- In xo = yields 

P = — T — 2 In sech wt + 2 In 2xo 

X = -7^ — (1 + tanhwr) 

A = -(4w^ + l)r-41nsechwr-|-4(Ao +ln2xo)- 



In terms of the /3-nornialized variables, 

12 1 

Yer = (o + ^^(tanhwr — w), ^f(1 — 2'ii;tanhwr), 0, — 2wsech'ii;T, 0). (15) 
3 3 y 3 

This describes an electric Bianchi I model. Up to the arbitrary constant and 
choosing Xo — ^t ^ = s~'^ we have exactly the same x ^s described in [5] with 
a minus sign where now w = ^ and 70 = Xq. This solution was first found 
by Gerald Rosen [23] and we will refer to it as the electric Rosen solution with 
subscript ER. 

3.1.3 Magnetic Rosen solution 

Applying (P) to the Taub solution (24)-(26) of [11] yields 

P = T + 2 In sech wt — 2 In 2xo 

X = ^Xowx + xi 

A = -(4w^ + l)T-41nsechwr + 4(Ai -ln2xo)- 

We assume now that Xi = for simplicity. In terms of the /3-normalized vari- 
ables, 

12 1 

Ymr = (o + -^(tanh wr — w), —^(2w tanh wt — 1),0,0, —2wsechwT). (16) 
3 3 yS 

We will refer to it as the magnetic Rosen solution and use the subscript MR. 
It is sometimes called the pure magnetic or magnetovacuum solution since later 
it has been generalized to include, e.g. a perfect fluid. It is not surprising that 
this solution appears here instead of the Bianchi II vacuum solution since there 
is a natural correspondence between heteroclinic chains consisting of Bianchi 
type II solutions in the vacuum case and heteroclinic chains in the case with 
a magnetic field which include orbits corresponding to both solutions of the 
vacuum Einstein equations of Bianchi type II and solutions of the Einstein- 
Maxwell equations of Bianchi type I. For recent work on oscillatory singularities 
in Bianchi models with magnetic fields we refer to [TUj . 

3.2 Inhomogeneous solutions 

3.2.1 Electric spike solution 

Applying (P to the rotated Taub solution (28)-(30) of [TT] and defining / = 
xwe'^ sechuT, s = tttti c = jttt (note that c^ + s'^ = 1), we obtain a new, 
inhomogeneous solution: 



P = -3r - 2 In sech wt + 2 ln(/^ + 1) + 2 In 2xo (17) 

i P 

2x0 iP + l)xw 



x-^—Tj^^hrzi-. (18) 



A = -{4w^ + 9)t - 121nsechwT + 41n(/^ + 1) + 4(Ai + ln2xo)- (19) 



^As pointed out on page 14 of 1121 . the third minus sign in equation (28) of |11| should be 
a plus sign, and the factor 4 in equation (34) of |lll should not be there. 



We will refer to it as the electric spike solution, because the spike occurs at 
X = 0, where the electric field is zero. Its /3-norinalized variables are given by 



Yes = [-i(l + 2w2-2c+V3(c-2)S_),^ + cS_,s^,sV3E_,cSMR] 



V3 



V3 



(20) 



where we have denoted I]_ = (I]_)mr ts, and the subscripts MR and ES 

refer to the magnetic Rosen and the electric spike solution. 

3.2.2 Magnetic spike solution 

Applying (P) to the spike solution (33)-(35) of [TT yields 

P = 3r + 21nsech'u;T-21n(/2 + l) -21n2xo 



X 



-Xow[e 



'^^ + 2{w tanh wt - l)x^] + X2 



(21) 
(22) 
A = -{Au? + 9)r - 12 Insechwr + 4 \n{f + 1) + 4(A2 - In 2xo). (23) 

We will refer to it as the magnetic spike solution and use the subscript MS . Its 
/3-normalized variables are given by 



Yms = [-^(l + 2u;2_2c+V3(c-2)S_), — ^-cS_, 



B 



n/3 



MR 

V3 



,cSmr,s\/3I;_]. 

(24) 

Both the electric and magnetic spike solutions have nontrivial electric and mag- 
netic fields, and the names 'electric' and 'magnetic' merely serve to differentiate 
the two. These solutions are new. 

This completes the transformation of the explicit solutions in Section 4 of 
|11| . The solutions above can also be generated by starting with the Kasner 
solution p^ above and applying the transformations (fTU)) and (fTTj) successively. 



4 Discussion 





Figure 1. The electric and magnetic Rosen orbits projected on the (E+, E_)^ plane. 



We have already seen that the vacuum transformations have a different inter- 
pretation in the electromagnetic case. Now we proceed to visualize the dynamics 
of the different solutions and we compare the dynamics of the solutions found 
here corresponding to polarized Gowdy spacetimes with a electromagnetic field 
with the ones found in [11] corresponding to Gowdy spacetimes. 

The dynamics of the electric and magnetic Rosen solutions can be described 
by their orbits in the state space. When projected on the (S+,1]-)^ plane, 
these orbits form straight lines emanating from one corner of a triangle su- 
perscribing the Kasner circle (see figure [Ij . The two transition sets combine 
to describe the dynamics during an electromagnetic equivalence of a Kasner 
era, which consists of long Kasner epochs (described by the Kasner equilibrium 
points), punctuated by brief periods of transitions. Either the electric or the 
magnetic component becomes significant during these periods of transitions. 
Compare with Figure 5 of [TT] . The coincidence of the projected Rosen orbits 
with the projected Taub orbits compels one to compare the Rosen solutions 
with the Taub solution. Consider the Taub solution (24)-(26) of [TT] with a 
particular value for w (call it wt) and the corresponding magnetic Rosen solu- 
tion whose orbit starts and ends at the same Kasner points as this Taub orbit. 
Then one finds that the w-parameter for the magnetic Rosen solution takes the 
value wmr = W't/2. Consequently the rate of change for the magnetic Rosen 
transition from one Kasner point to the next is only one half of that for the 
Taub transition. The implication of this is that in more general models where 



w=0.2 





w=1.5 






Figure 2. Orbits of the spike solution projected on the (E+jE-)^ plane. Orbits are 
colored red along the spike worldline a; = 0, blue along x — 1000, and magenta along 
small values of a;, w = 0.2, 0.5, 1, 1.5, 2, 3 respectively. 



both modes are present, gravitationally-driven Taub transitions would domi- 
nate electromagnetically-driven Rosen transitions towards the singularity, and 
that the Hubblc-normalized energy density of the electromagnetic field would 
tend to zero towards the singularity, with the caveat that this occurs almost ev- 
erywhere, except possibly at some 'spiky' worldlines where the Taub mode has 
a local zero. Along these spiky worldines, whether (vacuum) spike transitions 
would dominate Rosen transitions is unknown. In figure [5] we visualise the or- 
bits of the magnetic spike solution (I^T|) - (P5)) along various worldlines x = const, 
projected on the (E+,E_)^ plane. The projected orbits of the electric spike 
solution ([T7 )) - (fT9|) differ only in the sign of I]_. Along worldlines far away from 
the spike worldline, the orbits approximate the electric and magnetic Rosen 
orbits. Along the spike worldline, the projected orbit is a straight line. For 
the case \w\ > 1, all these orbits end at the same Kasner points. For the case 
< |w;| < 1, the orbit along the spike worldline ends at a different Kasner point 
from all others. Compare with Figure 6 of [TT]. In figure [3] we visualise two 
families of the solutions (one with w = 0.75 and the other with w ~ 1.25). 
Note that the Kasner solution plotted here uses the parametrization in ( fH 
Compare with Figure 9 of [TT]. 



w=0.75 



w=1.25 





Figure 3. Two families of orbits with w — 0.75 and 1.25. The Kasner seed is 
indicated by a black *, the electric Rosen orbit in light blue, the magnetic Rosen 
orbit in dark blue, orbits of the electric spike solution in magenta, and orbits of the 
magnetic spike solution in red. 



We now compare the orbits of magnetic spike solution with the orbits of 
vacuum spike solution. Call the corresponding parameters wms and ws ■ We set 
ws = 2'u;ms + 1 so that both solutions start at the same Kasner point. But the 
solutions will not end at the same Kasner points. See figure HI 



5 Outlook 



With the transformation which connects vacuum Gowdy spacetimes with polar- 
ized Gowdy-symmetric spacetimes we have found new inhomogeneous solutions 
which we have called electric and magnetic spikes. The spatially homogeneous 



w=1.5 




together 




Figure 4- Comparison of orbits for the magnetic spike solution with wms = 1-5 and 
orbits for the vacuum spike solution with ws ~ 4. Both sets of orbits start at the 
same Kasner point but end at two different Kasner points. 



electric and magnetic Rosen solutions which have appeared here are of Bianchi 
type I. The asymptotic states of Bianchi I with a magnetic field where studied 
in [7]. Magnetic fields are also compatible with Bianchi II, VIq, VIIq and III 
and these combinations have already been studied [5], E]) [H]) 0; SI- 

A natural generalization would be to treat the full Gowdy-symmetric space- 
times with an electromagnetic field, see [13] for an introduction. For this situ- 
ation strong cosmic censorship has not been shown. However there exist some 
global existence results [T^ , [H] and a decay result towards the future of certain 
quantity [H] . This last result has been extended to (vacuum) Gowdy spacetimes 
in higher dimensions [1]. 
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